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The alternating harmonic series is the series Ún=1
¥ H-1Ln-1

n
. (It converges to ln 2). Since the series converges

conditionally,  given  any  real  number  L,  we  can  find  a  bijection  j:  N®N  such  that  the  rearrangement

Ún=1
¥ H-1LjHnL-1

jHnL converges to L.

Commands (Execute first!)

AHSrearranged@L_, step_: 15D :=

Module@8k = 0, sum = 0, even = 1, odd = 2<, Do@If@sum £ L,

sum = sum + 1 � even; k = k + 1; Print@"jH", k, "L = ", even,

"\t+", 1 � even, "\t", sum, " = ", N@sumDD; even = even + 2;,

sum = sum - 1 � odd; k = k + 1; Print@"jH", k, "L = ", odd, "\t-",

1 � odd, "\t", sum, " = ", N@sumDD; odd = odd + 2;D, 8step<DD

In[1]:=
AHSGraph@L_, step_: 25D :=

Heven = 1; odd = 2; evenc@0D = 8<; oddc@0D = 8<; sum@0D = 0; Do@If@sum@jD £ L,

sum@j + 1D = sum@jD + 1 � even; evenc@j + 1D = Append@evenc@jD, 8even, 0<D;

oddc@j + 1D = oddc@jD; even = even + 2,

sum@j + 1D = sum@jD - 1 � odd; oddc@j + 1D = Append@oddc@jD, 8odd, 0<D;

evenc@j + 1D = evenc@jD; odd = odd + 2D;, 8j, 0, step, 1<D;

rg = Max@Last@oddc@step + 1DD@@1DD, Last@evenc@step + 1DD@@1DDD;

Manipulate@
ListPlot@Table@sum@lD, 8l, 1, j + 1<D, PlotRange ® 881, rg + 1<, 8-1, 2<<,

Axes ® True, PlotStyle ® 8Green, AbsolutePointSize@5D<, AxesOrigin ® 81, 0<,

ImageSize ® 800, Epilog -> 888Green, Line@880, L<, 8rg, L<<D<,

Blue, AbsolutePointSize@5D, Point@oddc@j + 1DD<,

8Red, AbsolutePointSize@5D, Point@evenc@j + 1DD<<D, 8j, 0, step, 1<DL

Computation of Rearrangements

The following command prints out j(1), ..., j(10), given that L = 1. The first argument is the number L, the

second input is the desired number of steps (default: 15 steps).

(Note that, given L,  the function j is not uniquely determined!)



AHSrearranged@1, 10D

jH1L = 1 +1 1 = 1.

jH2L = 3 +
1

3

4

3
= 1.33333

jH3L = 2 -
1

2

5

6
= 0.833333

jH4L = 5 +
1

5

31

30
= 1.03333

jH5L = 4 -
1

4

47

60
= 0.783333

jH6L = 7 +
1

7

389

420
= 0.92619

jH7L = 9 +
1

9

1307

1260
= 1.0373

jH8L = 6 -
1

6

1097

1260
= 0.870635

jH9L = 11 +
1

11

13 327

13 860
= 0.961544

jH10L = 13 +
1

13

187 111

180 180
= 1.03847

Graphical Representation

Below is an animation visualizing the first 100 partial sums (in green). Additionally the series elements already

picked are shown (positive terms in red, negative terms in blue).

2 AHSr.nb



In[4]:=
AHSGraph@1.5, 100D

Out[4]=

j

50 100 150

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

Below is the animation for the limit  ln 2»0.69, yielding the “natural” order of the harmonic series. (The default

for the number of steps is 25.)

In[3]:=
AHSGraph@Log@2.DD

AHSr.nb 3


