Rearrangements of the Alternating
Harmonic Series

Helmut Knaust, Department of Mathematical Sciences, UTEP, El Paso TX 79968

hknaust@utep.edu
10/05//2011; last edits 11/11/2011

_1 n-1 ) .
1) . (It converges to In 2). Since the series converges

The alternating harmonic series is the series Zf]ozl
conditionally, given any real number L, we can find a bijection ¢: N-N such that the rearrangement
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Commands (Execute first!)

converges to L.

AHSr earranged[L_, step_: 15]
Modul e[{k =0, sum=0, even =1, odd =2}, Do[lf [sumz L,
', even,

sum=sum+1/even; k=k+1; Print["e(", k, ") =",
"\t+", 1/even, "\t", sum " ", N[sum]]; even = even +2; ,
sum=sum-1/o0dd; k =k +1; Print ["e(", k, ") =", odd, "\t-",
1/o0dd, "\t", sum " = ", N[sum]]; odd = odd +2; ], {step}]]

e AHSGr aph[L_, step_: 25] : =
(even =1; odd =2; evenc[0] = {}; oddc[0] = {}; sum[0] =0; Do[lf [sum[j ] =L,

sum[j +1] =sum[j ] +1 /even; evenc[j +1] = Append[evenc][j ], {even, 0}];

oddc[j +1] = oddc[j ]; even = even + 2,
sum[j +1] =sum[j ] -1 /odd; oddc[j +1] = Append[oddc[j ], {odd, 0}];

evenc[j +1] =evenc]j]; odd =odd +27];, {j, O, step, 1}1;
rg = Max[Last [oddc[step+1]1[[1]], Last [evenc[step+1]11[[1]11];

Mani pul at e [

Li st Pl ot [Tabl e[sum[l ], {I, 1, j +1}], PlotRange » {{1, rg+1}, {-1, 2}},
Axes -» True, Pl otStyle - {G een, Absol ut ePointSi ze[5]}, AxesOrigin - {1, 0},
I mageSi ze -» 800, Epilog -> {{{Geen, Line[{{O, L}, {rg, L}}1},

Bl ue, Absol ut ePoi nt Si ze[5], Poi nt [oddc[j +1]11]},
{Red, Absol ut ePoi nt Si ze[5], Point [evenc[j +1]11}}1, {j, O, step, 1}1)

Computation of Rearrangements

The following command prints out ¢(1), ..., ¢(10), given that L = 1. The first argument is the number L, the

second input is the desired number of steps (default: 15 steps).
(Note that, given L, the function ¢ is not uniquely determined!)



AHSr ear ranged[1, 10]
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Graphical Representation

Below is an animation visualizing the first 100 partial sums (in green). Additionally the series elements already

picked are shown (positive terms in red, negative terms in blue).
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