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Warm-up: The Additive Inverse of an Algebraic Number is Algebraic.

P[Xx_]1 =x"7-4x"6+2x"5-2x"3+3x"2-x+3

X —4x8+2x° -2 +3x%—x+3

Sort [NSol ve[P[x] = O] [[Al |, 1, 2]],
| f [Re[#1] == Re[#2], | m[#1] < | m[#2], Re[#1] < Re[#2]] &]

{—1.05898, —0.242683 — 0.77271i, —0.242683 + 0.772711,
0.467258 — 0.927124:, 0.467258 + 0.927124i, 1.16208, 3.44775}

QIX_] = - X7 -4X"6-2X"5+2x"3+3X"2+Xx+3

X -4 -2 +2x +3X°+Xx+3

Sort [NSol ve[Q[x] = O] [[Al |, 1, 2]],
I f [Re[#1] = Re[#2], I m[#1] > | m[#2], Re[#1] > Re[#2]] &]

{1.05898, 0.242683 + 0.77271i, 0.242683 — 0.772711,
—0.467258 + 0.927124i, —0.467258 — 0.927124i, —1.16208, —3.44775}

The Resultant

e Resultant [(x -a) (x-b), (x-c) (x-d) (x-e), X]

Out[2]=

c-ayd-ay(e-a)(-(b-c)(b-d)(b-e
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In[3]:=
P[x_] =x"4-5
Q[x_] =x"4-2x"2-5

Out[3]=
ut[3] )(4—5

outf4]=

X—2x2-5

In[5]:=
Sol ve [P[x] == 0]

T ko VB x5 =iV, (xo i VE ], (xo VB ]

In[6]:=

Sol ve [Q[Xx] == 0]

outfe)= {{x—»—im}, {X_,,zm}, {xa—m}, {x>V1+v6 }}

e Resul t ant [P[x], Q[x], X]

out[7}=

400

The Sum of Two Algebraic Numbers is Algebraic.

Cl ear [R]
R[z_] = Resul tant [P[x], Q[z -x], X]

76— 874 — 1672 + 48 7% — 3304 2 + 5280 2° — 361607 + 1600 Z + 400

NSol ve [R[z] == 0]

{{z— —3.35263}, {z— —1.85728 — 1.49535i}, {z - —1.85728 + 149535},
{z— —1.49535 — 1.20395}, {z - —1.49535 + 1.20395}, {z— —0.361931}, {z— 0. — 0.291401},
{z— 0. +0.291401}, {z— 0. — 2.69934}, {z— 0. + 2.6993}, {z— 0.361931}, {z - 1.49535 — 1.20395},
{z— 1.49535 + 1.20395}, {z— 1.85728 — 1.49535;}, {z - 1.85728 + 1.49535i}, {z - 3.35263}}

-5.2.25+-1VV6 -1

—1.49535 - 1.20395i
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The Product of Two Algebraic Numbers is Algebraic.

Resul tant [P[x], x*2 Q[t /X], X]

1 2
pe (t8 - 70t* + 625)

{{te—j (7—2\/?)},{t—>—75(7—2\/E)},{t—>—ri 415(7—2\/3)},{t—>—i7’5(7—2«/3)},
{toids(7-2v6) . {t~i 5(7-2V8) }, {t- 5(7—2\/?)},{t—>j5(7—2\/€)},
{to-g5(7+2V6) } {to-¢5(7+2V6 },{t—>—ij5(7+2x/€)},{t—>—ﬁ45(7+2«/€)},

{toid5(7+2v6) ) {t-i y5(7+2V86) |, {t> ¢ 5(7+2V6) }, {t> 4 5(7+2V6) }}

~——

i

N[%]

{{t »> —1.80032}, {t - —1.80032}, {t - 0. — 1.800324}, {t - 0. — 1.80032i}, {t - 0. + 1.80032},
{t— 0. + 1.80032i}, {t - 1.80032}, {t — 1.80032}, {t » —2.77728}, {t —» —2.77728}, {t - 0. — 2.777284},
{t— 0. — 2.77728i}, {t > 0. + 2.77728i}, {t > 0. + 2.77728i}, {t —» 2.77728}, {t - 2.77728}}

(- 5. . 25) [—1'1 «/F-l]

0. + 1.80032:

The Multiplicative Inverse of an Algebraic Numbers is Algebraic.

Sol ve[y"4 Q[1l/y] == 0]
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