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the series converges, and the definition makes sense. In fact, the series converges

i ith great accuracy.
very rapidly and allows us to compute e wi
It is of interest to note that e can also be defined by means o.w m:.o@ﬂ
limit process; the proof provides a good illustration of operations with limits:
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3.31 Theorem lim AH + MV = g
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Proof Let

By the binomial theorem,
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Hence ¢, < s,, so that
(14) limsupt, <e,

n—> o

by Theorem 3.19. Next, if n > m,
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Let n — o0, keeping m fixed. We get
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so that
S, < liminfz,.
Letting m — co, we finally get
(15) e < liminft,.

"

The theorem follows from (14) and (15),
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The rapidity with which the series > — converges can be estimated as
n!

follows: If 5, has the same meaning as above, we have
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Thus s;0, for instance, approximates e with an error less than 10~7. The
inequality (16) is of theoretical interest as well, since it enables us to prove the
irrationality of e very easily.

3.32 Theorem e is irrational.

Proof Suppose e is rational. Then e = plq, where p and g are positive
integers. By (16),

(17) oAS?I@LAW.

By our assumption, gle is an integer. Since
s =g!f1+1 1.1
q's,=qli{l +1+ 3 Fore A “ﬁ

Is an integer, we see that g!(e — s,) is an integer.
Since g > 1, (17) implies the existence of an integer between 0 and 1.
We have thus reached a contradiction.

Actually, e is not even an algebraic number. For a simple proof of this,
see page 25 of Niven’s book, or page 176 of Herstein’s, cited in the Bibliography.

THE ROOT AND RATIO TESTS

333 Theorem (Root Test) Given Xa,, put o = lim sup Q la,|.

=0,
Then
(a) if o<1, Xa, converges,
by if o= 1, Xa, diverges,

(¢) Iif o I, the test gives no information.
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Proof If o <1, we can choose f§ so that « < f <1, and an integer N
such that

) <p
for n > N [by Theorem 3.17(b)]. That is, n > N implies
la,| <p".

Since 0 < f < 1, ZB" converges. Convergence of Za, follows now from

the comparison test.
If « > 1, then, again by Theorem 3.17, there is a sequence {1} such

that
,.A\_Qsﬂ_ — 0.

Hence |a,| > 1 for infinitely many values of 7, so that the condition
a, —0, necessary for convergence of Xa,, does not hold (Theorem 3.23).
To prove (c), we consider the series

MH ¥ 1
n’ “~n?
For each of these series a = 1, but the first diverges, the second converges.

3.34 Theorem (Ratio Test) The series La,

ay1q
a

(a) converges if lim sup <1,

n—>oo n

’ | n+ . ;
(b) diverges if | — L\ > 1 for n > ng, where ny is some fixed integer.
Q:

Proof If condition (a) holds, we can find < 1, and an integer N, such
that

for n > N. In particular,

layi1| < Blay|,
lay+2| < Blayi1] < B*lanl,
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That is,

_Q=_ < T&i%l?.h:

for n > N, and (a) follows from the comparison test, since £" converges.
If |ay4q| = |a,| forn > ny, it is easily seen that the condition a. — 0
does not hold, and (&) follows. "

Note: The knowledge that lima,,, /a, =1 implies nothing about the
convergence of Xa,. The series £1/n and X1/n* demonstrate this.

3.35 Examples

(@) Consider the series

for which

n—co a, n— oo W
lim inf 2/a, = 1lim*" WHFL
n— o n=w 3" /\w
lim sup /a, = lim *" M = “\.
n=oo o V20 /2

. a, ) "
lim sup =L = 1im AMV = o 5o,

n—c0 a, n—oo N

The root test indicates convergence; the ratio test does not apply.
(b) The same is true for the series

W+_+m+m+ L
2 s Aa TR T T T
where
e i AL o 2
n—oo a, 8
lim sup Fnt1 =2,

e oo a,

but

:‘
lim y/ ),



68 PRINCIPLES OF MATHEMATICAL ANALYSIS

3.36 Remarks The ratio test is frequently easier to apply than the root test,
since it is usually easier to compute ratios than nth nooﬁ.m. However, the root
test has wider scope. More precisely: Whenever the Sm_o test mwoém conver-
pence, the root test does too; whenever the root test is EmOb.o_cmZn, the ratio
test is too. This is a consequence of Theorem 3.37, and is illustrated by the
above examples.

2 <rzozr% of the two tests is subtle with regard to divergence. Both deduce
divergence from the fact that a, does not tend to zero as n — 0.

3.37 Theorem For any sequence {c,} of positive numbers,

Cpt1

lim inf == < lim inf /¢,

n— o h.= n— oo

Cnt1
ﬁ.w-

lim sup /:\ m.. < lim sup )

n— oo g

Proof We shall prove the second inequality; the proof of the first is
quite similar. Put

Cht1

o = lim sup

n— oo ﬁ.:

If @ = + o0, there is nothing to prove. If « is finite, choose § > o. There
is an integer N such that

for n > N. In particular, for any p >0,
Cnrtt < Peyk (k=0,1,...,p—1).
Multiplying these inequalities, we obtain

ﬁ.~<+ﬁ M uﬁﬁzw
or
ﬁ:MQZ\wIZ.Q: AENZV.
Hence
-N
Yen<YenB ™ B,
50 that
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(18) lim sup /¢, = [,

0t i
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by Theorem 3.20(b). Since (18) is true for every f > o, we have
limsup /¢, < a.

POWER SERIES

3.38 Definition Given a sequence {c,} of complex numbers, the series
(19) Y .2
n=0

is called a power series. The numbers c, are called the coefficients of the series;
z i3 a complex number.

In general, the series will converge or diverge, depending on the choice
of z. More specifically, with every power series there is associated a circle, the
circle of convergence, such that (19) converges if z is in the interior of the circle
and diverges if z is in the exterior (to cover all cases, we have to consider the
plane as the interior of a circle of infinite radius, and a point as a circle of radius
zero). The behavior on the circle of convergence is much more varied and can-
not be described so simply.

3.39  Theorem Given the power series Xc, 2", put

gH:BmEU/SM_W R=7:

n— oo

(Ifa=0,R=+o0;ifa=+00, R=0.) Then Zc,z" converges if |z| < R, and
diverges if |z| > R.

Proof Put a, = c,z", and apply the root test:

lim sup u\_\ﬁ_\* = |z| lim sup /,R_\ﬂ = Wl_
o n-wm
Note:  Ris called the radius of convergence of Z¢, z".
140 Examples
(@) The series Xn"z" has R = 0,
(b) The series ,/,u: has R oo, (In this case the ratio test is easier to

nl

apply than the root fest))



