3 Limits

3.1 Definition and Examples

Let D C R, let f: D — R be a function and let 2y be an accumulation point of D.

We say that the LIMIT of f(x) at z¢ is equal to L € R, if for all € > 0 thereis a § > 0
such that
[f(z) - L[ <e

whenever z € D and 0 < |z — z¢| < 6.

In this case we write lim f(z) = L.
T—x0

Note that—Dby design—the existence of the limit (and L itself) does not depend on what
happens when x = xg, but only on what happens “close” to xg.

f(x)

Figure 3: The graph of x sin (1/x)
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Exercise 3.1
Let f: R — R be defined by

- xsin(%), ifx£0, zeR
f(x){ 0, ifz=0

Does f(x) have a limit a 2o = 07 If so, what is the limit? See Figure 3 on the page
before.

The next result reduces the study of the concept of a limit of a function at a point to
our earlier study of sequence convergence.

Exercise 3.2
Let D C R, let f: D — R be a function and let xy be an accumulation point of D.
Then the following are equivalent:

1. lim f(z) exists and is equal to L.
T—rT0o

2. Let (x,) be any sequence of elements in D that converges to z, and satisfies
that x,, # x¢ for all n € N. Then the sequence f(x,) converges to L.

Exercise 3.3
Let D C R, let f: D — R be a function and let xy be an accumulation point of D.

Suppose that there is an ¢ > 0 such that for all § > 0 there are z,y € D\ {x0}
satisfying | — y| < ¢ and |f(z) — f(y)| > €. Then f does not have a limit at .
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Figure 4: The graph of the function in Exercise 3.4

Exercise 3.4
Let f: R — R be defined by

| |xl/x, ifx#0, xeR
ﬂ@{ 0, ifz=0

Does f(x) have a limit a xg = 07 If so, what is the limit? See Figure 4.

Exercise 3.5
Let f: R — R be defined by

_ sin(%), ifx#£0, z€R
ﬂ@_{ 0, ifr=0

Does f(x) have a limit a xg = 0?7 If so, what is the limit? See Figure 5 on the next
page.
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Figure 5: The graph of sin (1/z)

Exercise 3.6
Let f:(0,1] — R be defined by

[ 1, ifzeQ
f(”””)_{ 0, ifzeR\Q

For which values of g does f(z) have a limit a z¢? What is the limit?

Task 3.7
Let f:(0,1] — R be defined by
1
f@) = , ifx= P with p, ¢ relatively prime positive integers

q q
0, ifzeR\Q

For which values of 2y does f(x) have a limit a xo? What is the limit? See Figure 6
on the following page.
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Figure 6: The graph of the function in Task 3.7

You may want to try the case xg = 0 first.

The result below is called the Principle of Local Boundedness.

Exercise 3.8
Let D C R, let f: D — R be a function and let xy be an accumulation point of D.

If f(x) has a limit at x¢, then there is a § > 0 and an M > 0 such that

|f(x)] < M for all x € (9 — 0,29 + ) N D.

3.2 Arithmetic of Limits*

Optional Task 3.1
Let D C R, let f,g: D — R be functions and let xy be an accumulation point of
D.
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If lim f(x) = L and lim g(z) = M, then the sum f + ¢ has a limit at z(, and

T—x0 T—To

i (f +g)(@) = L+ M.

Optional Task 3.2

Let D C R, let f,g: D — R be functions and let xy be an accumulation point of

D.

If lim f(z) =L and lim g(z) = M, then the product f - g has a limit at x, and
Tr—rTo

Tr—xTo

i (- g)(w) = L M.

Optional Task 3.3
Let D C R, let f: D — R be a function and let xy be an accumulation point of D.

Assume additionally that f(z) # 0 for all z € D.
If lim f(xz)= L and if L # 0, then the reciprocal function 1/f : D — R has a limit

Tr—rT0o
1 1

at rg, and lim —— =

a—zo f(2) L

3.3 Monotone Functions*

Let a < b be real numbers. A function f : [a,b] — R is called INCREASING on [a, )],
if © < y implies f(z) < f(y) for all z,y € [a,b]. It is called STRICTLY INCREASING on
[a,b], if x <y implies f(x) < f(y) for all z,y € [a,D].

Similarly, a function f : [a,b] — R is called DECREASING on [a,b], if © < y implies
f(z) > f(y) for all z,y € [a,b]. It is called STRICTLY DECREASING on [a,b], if z < y
implies f(z) > f(y) for all z,y € [a, b].

A function f : [a,b] — R is called MONOTONE on [a, b] if it is increasing on [a, b] or it is
decreasing on [a, b].

As we have seen in the last section, a function can fail to have limits for various reasons.
Monotone functions, on the other hand, are easier to understand: a monotone function
fails to have a limit at a point if and only if it “jumps” at that point. The next task
makes this precise.
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Optional Task 3.4

Let a < b be real numbers and let f : [a,b] be an increasing function. Let
xo € (a,b). We define

L(zo) = sup{f(y) | y € [a,70)}

and
Ul(zo) = inf{f(y) | y € (0, 0]}

Then f(x) has a limit at x¢ if and only if U(zg) = L(xo). In this case

U(zo) = L(zo) = f(xo) = lim f(z).

T—xT0

Optional Task 3.5
Under the assumptions of the previous task, state and prove a result discussing the
existence of a limit at the endpoints a and b.

Optional Task 3.6

Let a < b be real numbers and let f : [a,b] be an increasing function. Show that

the set
{y € [a,b] | f(z) does not have a limit at y}

is finite or countable!?.

You may want to show first that the set
Dy :={y € (a,b) | (U(y) — L(y)) > 1/n}
is finite for all n € N.

Let us look at an example of an increasing function with countably many “jumps”: Let
g :[0,1] = [0,1] be defined as follows:

0 ,ifz=0
T) = 1 . 1 1
9(x) — ,ifze | ——,—| for somen €N
n n+1ln
10A set is called COUNTABLE, if all of its elements can be arranged as a sequence y1,¥2, 93, - .. with

yi # yj for all i # j.
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Figure 7 shows the graph of g(x). Note that the function is well defined, since

U (s573] o0

neN

1 1 1 1
L n(——, 2] =0
(erl m] <n+1 n]

for all m,n € N with m # n.
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Figure 7: The graph of a function with countable many “jumps”

Optional Task 3.7
Show the following:

1. The function g(x) defined above fails to have a limit at all points in the set

1
D::{|n€N}.
n

2. The function g(x) has a limit at all points in the complement [0, 1]\ D.




