MATH 3325 September 15, 2022
Fall 2022

Problem 3.6. If »1s a natural number, then n! = an—1

Proof by Induction: n € N
Base Case:

n=11'> 2"t & 1>1 TRUE
Induction Step:

P(k):k! > 2k1

Plk+1):(k+1)! =211 o (K + Dk! > 2%
o 21k +1) = 2k

Show: (k + 1)! > 2%
k+D'=kl(k+1) =21k +1) = k2F1 4 2F1

o . - . .
Problem 3.7. For all n € I, the expression n~ +n+41 1s a prime number.

If n=41, then

P(41):412 +41 4+ 41 =41(41+2) = 41(43) = 1763

Factors of 1763: 1,41,43,1763

Since 1763 is not a prime number, this makes the statement FALSE.
Statement was proven false through providing a counterexample.
V,E N: n? + n + 41 is a prime number

3,€ N: n? + n + 41 is NOT a prime number



MATH 3325 September 15, 2022
Fall 2022

Problem 3.9. If » 1s a natural number, then

(2n)!

2:6-10-14---(dn-2) = |
!

Let’s say n=1

4@ -2 =2y

This is a true statement for n=1.

Assumethat 2-6-10-14 - (4n—2) = % is true for all n.

Induction: (n+1)

2:6:10- 14 (4n—2)(4(n + 1) — 2)

= & Un+1)-2)

(2") > (4n +2)

_ (2n)!

_ (2n)l2(2n+1)(n+1)
n nl(n+1)

_ 2n)!(2n+1)2(n+1)
N (n+1)!

_ (2n)!(2n+1)(2n+2)
- (n+1)!

_ (2n+2)!
- (n+1)!

_ (2(n+D)!
B (n+1)!

n)

(n+1) is true, therefore, 2-6-10-14 -+ (4n — 2) = Zlis true for all

natural numbers.
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Problem 3.12. If n is a natural number and n = 4, then n! > n”. [Note that the inequality
15 false it m < 4.]

Pm)=n!'>n*>n=>4

Base Case: P(4):4! > 4? & 24 > 16

Assume P (k) is true for some number k: k! > k?

Now see that P(k + 1) is true
k+D!'>k(k+D?oklk+D)>(k+1D?>o0kl>k+1,k>4
Fork=4:4-3-2-1>5 24 >5 - TRUE
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Problem 3.15. Leta; =1, a; = 3, and for n > 2 let ay = a,,—1 + a,—>. Show that a, <
(7/4)" for all natural numbers.

P(M): ay < ()", V€N

Base Cases: (There are two base cases because a,, = a,,_; + a,,_, IS
only defined for n > 2)

a; =1 < () TRUE
a, =3 < (5)2 TRUE
Induction Step: P(k) —» P(k + 1)

We know: a;, < (%)" forallk e N, k> 2

7
Ay < (Z)k+1'k +1>3
A = Ag_1 T Ag_»
A1 = A T A1 = Ag—q T A2 + A4

7 7
A1t Az T+ A1 < Z(Z)k 1+ (Z)k 2

AN A
Q-1+ Ay + @y <2+ !

N -
Q-1 + Az + @y <3

T T o
A1t Az T A1 < (Z)z(z)k !

)k+1 )k+1

7 7
Ap-1+ A2 + A1 < (3 © g < (3

Thus, P(n) is true V,,€ N
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Division Algorithm

Given natural numbers b < a there are unique numbers g and r with

O<r<bsuchthata=q-b+r

Proof by Induction:

Base Case: a=1

Then b=1, so a=b+0

Induction Step: For given a and b we know there are g and r with
a=q-b+r

a+l=q-b+(r+1)

Case 1: If r + 1 < b, we are done

Case2:Ifr+1=b—-a+1=q-b+b+0



