The following lemma is the crucial ingredient in the proof of Theorem 5.6 in Gaughan, Intro-
duction to Analysis.

Lemma Let f : [a,b] — IR be a bounded function with |f(z)| < M for all z € [a,b]. Let € >0
be given, and let Py be a partition of [a,b] with n + 1 elements. Let § = 8]\;

. Then for any
n

partition P of [a,b] with mesh pu(P) < §
U(P) <U(PU Py) + ¢/4 and L(P) > L(PUPy) — ¢/4.

Proof: We will only prove the first inequality; the proof of the second inequality is analogous.
Let € > 0 be given, and let partitions Py and P = {29, 21, ..., 2} be given as in the statement
of the lemma.

For the remainder of the proof we will call an interval [z;_1, 2;] infected, if (z;—1, z;) N Py # 0.
Note that at most n intervals are infected!

Let M; = sup{f(t) : t € [zi—1, %]} for i =1,..., k. On non-infected intervals, the “contribu-
tions” towards the upper sum with respect to P and PU P, are the same, namely M;-(z; —z;—1).

Let us now consider an infected interval [z;_1, z;]. Let (zi—1,2:) N Py = {at, ... @i, _1}. Set
xh = zi—1 and 2}, = z;. We define N; = sup{f(t) : t € [z’ i1 J]} for j = 1,...,m;. The
contribution towards the upper sum with respect to P is still given by M; - (z; — zl_l) while the
contribution towards the upper sum with respect to the finer partition P U Py is now given by

m;
ZNj : (% - $§—1)-
j=1
Note that we have the “trivial” estimate
M; SN;—&—QM forall j =1,...,m;.

Let A= {i: [zi—1, 2] is non-infected} and let B = {i : [z,_1,2;] is infected}. We are ready
to deduce the desired estimate:

UP) = ZM — 1)
= ZMz — Zi—1 +ZM — Zi— 1

iI€EA i€B

< ZMi(Zi*Zi—1)+ZZ(N;+2M)'(wé-*x;-_l)
icA i€B j=1

< ZM — Zi1 —I—Z ZZ\V x —x _1)+2M6
€A i€B \ j=1
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€A i€B j=1

< UPUP) +e¢/A.
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