
4 Continuity

4.1 D e fi nition a nd E x a m p le s

Let D b e a s et o f rea l n u m b er s a n d x0 ∈ D. A f u n c tio n f : D → R is s a id to

b e C O N T I N U O U S a t x0 if th e f o llo w in g h o ld s : F o r a ll ε > 0 th ere is a δ > 0
s u c h th a t f o r a ll x ∈ D w ith

|x − x0| < δ,

w e h a v e th a t

|f(x) − f(x0)| < ε .

I f th e f u n c tio n is c o n tin u o u s a t a ll x0 ∈ D, w e s im p ly s a y th a t f : D → R is

c o n tin u o u s o n D.

C o m p a re th is d efi n itio n o f c o n tin u ity to th e ea r lier d efi n itio n o f h a v in g a lim it.

F o r c o n tin u ity , w e w a n t to en s u re th a t th e b eh a v io r o f th e f u n c tio n c lo s e to

th e p o in t x0 n ic ely in ter a c ts w ith th e b eh a v io r o f th e f u n c tio n a t th e p o in t in

q u es tio n its elf ; th u s w e req u ire th a t x0 lies in th e d o m a in D. N o te a ls o th a t w e

d o n o lo n g er req u ire in th e d efi n itio n o f c o n tin u ity th a t x0 is a n a c c u m u la tio n

p o in t o f D.

E x e r c is e 4.1 Let D b e a s et o f rea l n u m b er s a n d x0 ∈ D b e a n a c c u -

m u la tio n p o in t o f D. T h e f u n c tio n f : D → R is c o n tin u o u s a t x0 if a n d

o n ly if lim
x→x0

f(x) = f(x0).

E x e r c is e 4.2 Let D b e a s et o f rea l n u m b er s a n d x0 ∈ D. A s s u m e a ls o

th a t x0 is n o t a n a c c u m u la tio n p o in t o f D. T h en th e fu n c tio n f : D → R

is c o n tin u o u s a t x0.
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Exercise 4.3 Let D be a set of real numbers and x0 ∈ D. A function

f : D → R is continuous at x0 if and only if for all sequences (xn) in D

converging to x0, the sequence (f(xn)) converges to f(x0).

Exercise 4.4 Let f : R → R be defined by

f(x) =

{

|x|, if x ∈ Q

x2, if x ∈ R \ Q

For which values of x0 is f(x) continuous?

Exercise 4.5 Let f : R → R be defined by

f(x) =

{

x sin
(

1

x

)

, if x 6= 0, x ∈ R

0, if x = 0

Is f(x) continuous at x0 = 0?

See Figure 4 on page 3 1 .

Exercise 4.6 Let f : R → R be defined by

f(x) =

{

sin
(

1

x

)

, if x 6= 0, x ∈ R

0, if x = 0

Is f(x) continuous at x0 = 0?

See Figure 5 on page 3 2 .
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Exercise 4.7 Let f : (0, 1] → R be defined by

f(x) =

{

1, if x ∈ Q

0, if x ∈ R \ Q

For which values of x0 is f(x) continuous?

Exercise 4.8 Let f : (0, 1] → R be defined by

f(x) =







1

q
, if x =

p

q
with p, q relatively prime positive integers

0, if x ∈ R \ Q

For which values of x0 is f(x) continuous8?

See Figure 6 on page 33.

4.2 Combinations of Continuous Functions

O ptional T ask 4.1 Let D ⊆ R, let f, g : D → R be functions con-

tinuous at x0 ∈ D. Then f + g : D → R is continuous at x0.

8In the late 189 0 s R ené-Louis B aire (187 4– 19 32) proved that there are no functions on the

real line that are continuous at all rational numbers and discontinuous at all irrational numbers.
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Optional Task 4.2 Let D ⊆ R, let f, g : D → R be functions con-

tinuous at x0 ∈ D. Then f · g : D → R is continuous at x0.

Optional Task 4.3 P olynomials are continuous on R.

Optional Task 4.4 Let D ⊆ R, let f : D → R be a function contin-

uous at x0 ∈ D. Assume additionally that f(x) 6= 0 for all x ∈ D. Then
1

f
: D → R is continuous at x0.

Task 4.9 Let D, E ⊆ R, let f : D → R be a function continuous at

x0 ∈ D. Assume f(D) ⊆ E. Suppose g : E → R is a function continuous

at f(x0). Then the composition g ◦ f : D → R is continuous at x0.

4.3 U niform Continuity

W e say that a function f : D → R is UNIFORM LY CONTINUOUS on D if the

following holds: For all ε > 0 there is a δ > 0 such that whenever x, y ∈ D

satisfy

|x − y| < δ,

then

|f(x) − f(y)| < ε.
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Exercise 4.10 If f : D → R is uniformly continuous on D, then f is

continuous on D. What is the difference between continuity and uniform

continuity?

Exercise 4.11 Let f : (0, 1) → R be defined by f(x) =
1

x
. Show that

f is not uniformly continuous on (0, 1).

Task 4.12 Let f : [a , b ] → R be a continuous function on the closed

interval [a , b ]. Then f is uniformly continuous on [a , b ].

In light of E x ercise 4.11, the result of Task 4.12 must depend heavily on prop-

erties of the domain. It is therefore natural to ask for what domains continuity

automatically implies uniform continuity. The following two task s ex plore this

question.

Optional Task 4.5 Let f : N → R be an arbitrary function. Then f

is uniformly continuous on N.
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Optional Task 4.6 Let D be a set of real numbers. G ive a char-

acteriz ation of all the domains D such that every continuous function

f : D → R is automatically uniformly continuous on D.9

Task 4.13 Let f : D → R be uniformly continuous on D. If D is a

bounded subset of R, then f(D) is also bounded.

Optional Task 4.7 Let f : D → R be uniformly continuous on D. If

(xn) is a Cauchy sequence in D, then (f(xn)) is also a Cauchy sequence.

Note a subtle, but important difference between the conclusion of the Task

above and the characteriz ation of continuity in Exercise 4.3: Even though every

Cauchy sequence of elements in D will converge to some real number, that real

number will not necessarily lie in D.

Optional Task 4.8 A function f : (a, b) → R is uniformly continu-

ous on the open interval (a, b) if and only if it can be defined at the end-

points a and b in such a way that the extension f : [a, b] → R is continuous

on the closed interval [a, b].

9H ermann H ueber: On Uniform Continuity and Compactness in Metric Spaces. The Ameri-

can Mathematical Monthly 88 (1981), pp. 204–205.
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Thus, for instance, the function f : (0, 1) → R, given by f(x) = sin

(

1

x

)

is

not uniformly continuous on (0, 1).

It is often easier to show uniform continuity by establishing the following

stronger condition:

A function f : D → R is called a LIPSCHITZ FUNCTION on D if there is an

M > 0 such that for all x, y ∈ D

|f(x) − f(y)| ≤ M |x − y|

Exercise 4.14 Let f : D → R be a Lipschitz function on D. Then f

is uniformly continuous on D.

Task 4.15 The function f(x) =
√

x is uniformly continuous on the

interval [0, 1]. Show that it is not a Lipschitz function on the interval [0, 1].

4.4 Continuous Functions on Closed Intervals

The major goal of this section is to show that the continuous image of a closed

bounded interval is a closed bounded interval.

We say a function f : D → R is BOUND ED , if there exists an M ∈ R such that

|f(x)| ≤ M for all x ∈ D.

Exercise 4.16 Let f : [a, b] → R be a continuous function on the

closed interval [a, b]. Then f is bounded on [a, b].
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Optional Task 4.9 Let D be a set of real numbers. Give a char-

acterization of all the domains D such that every continuous function

f : D → R is automatically bounded on D.10

We say that the function f : D → R has an ABSOLUTE MAX IMUM if there

exists an x0 ∈ D such that f(x) ≤ f(x0) for all x ∈ D. Similarly, f : D → R

has an ABSOLUTE MINIMUM if there exists an x0 ∈ D such that f(x) ≥ f(x0)
for all x ∈ D.

We can improve upon the result of Task 4.16 as follows:

Task 4.17 Let f : [a, b] → R be a continuous function on the closed

interval [a, b]. Then f has an absolute maximum (and an absolute mini-

mum) on [a, b].

The next result is called the Intermediate V alue Th eorem.

Here the interval I can be any interval. Also: If x > y, we understand the

interval (x, y) to be the interval (y, x).

Task 4.18 Let f : I → R be a continuous function on the interval I .

Let a, b ∈ I . If d ∈ (f(a), f(b)), then there is a real number c ∈ (a, b)
such that f(c) = d.

See Figure 7 on page 45.

10Edwin Hewitt: Rings of real-valued continuous functions I, Transactions of the American

Mathematical Society 64 (1948), pp. 45–99.



4.4 Continuous Functions on Closed Intervals 45

Figure 7: The Intermediate Value Theorem

A continuous function maps a closed bounded interval onto a closed bounded

interval:

Task 4.19 Let f : [a, b] → R be a continuous function on the closed

interval [a, b]. Then f ([a, b]) := {f(x) | x ∈ [a, b]} is also a closed

bounded interval.

Task 4.20 Let f : [a, b] → R be strictly increasing (decreasing, resp.)

and continuous on [a, b]. Then f has an inverse on f([a, b]), which is

strictly increasing (decreasing, resp.) and continuous.
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Task 4.21 Show that
√

x : [0,∞) → R is continuous on [0,∞).


