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Orlicz sequence spaces of Banach-Saks type 

By 

HELIVIUT KNAUST *) 

We show that in Orlicz sequence spaces of Banach-Saks type p, weakly null sequences 
admit of p-Hilbert ian subsequences. 

W. B. Johnson introduced the following notion in [3]. 

D e f i n  i t i o n 1. Let t < p __< oo. A Banach space has Banach-Saks type p (property 

(BSp), for short), if every weakly null sequence has a subsequence (Xk) SO that  for some 
C < o o  

~ Xk < C n  I/p for all h e N .  
k=l 

(Here, n 1/~ :=  1 for alt n e N.) 

The following stronger property was introduced in [4]: 

D e f i n  i t i o n 2. Let 1 < p < oo. A Banach space has property (Sp), if every weakly 
null sequence has a subsequence (Xk) SO that for some C < oo 

k~=l akXk~C for a l i n e  N and for all scalars (ak)with (k.~i ~ laklp~l/p - ) 

(Here, (~2 lakl~) t/~ :=  max ]akl-) 
A sequence (x,), which is dominated by the unit vector basis of #p, i.e., which satisfies 

the estimate in Definition 2, is called p-Hilbertian. 
It follows from Elton's Co-theorem ([1], see also [6], Corollary 4.4) that property (BS~) 

implies property (So). Moreover,  both  properties are equivalent to the hereditary Dun- 
ford-Pettis property. For  1 < p < o% however, the two properties are not equivalent: the 

Lorentz sequence space d(w, 1), where w = (wl) satisfies ~ wl = n ~/p for all n e N,  has 
i= i  

property (BSp), while failing property (Sp). S.A. Rakov ([7], Theorem 3) proved that  
property (BSp) implies property (Sp_~) for all e > 0. 

*) Research partially supported by NSF Grant MCS DMS-8921369. 
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We can now state our result: 

Theorem 3. Let 1 < p < co and let h~t be an Orlicz sequence space not containing f l. 
Then the following properties are equivalent: 
(a) h M has property (BSp). 
(b) The Orlicz function M satisfies: 

M (st) 
sup - -  < oo. 

o<s,t_-<l m (s) t p 
(c) hM has property (Sp). 

Thus, in this context, Orlicz sequence spaces show the same behavior as the classical 
fp spaces. 

An Orlicz function M : [0, oo) ~ [0, oo) is a continuous, non-decreasing and convex 
function satisfying M (0) = 0 and lira M (t) = c~. We will also assume that M (t) is non- 

t ~ o O  

degenerate (M (t) > 0 for all t > 0). The Orlicz sequence space hM, with Orlicz function M, 
is the Banach space consisting of all sequences (ak) of scalars so that 

M ( ~ 3 J ) < o o  foral l  Q > 0 ,  
k = l  

equipped with the norm 

For  basic facts about  Orlicz sequence spaces we refer the reader to [5]. Let us note that 
the expression in (b) is related to the question, for what values of p the space #p embeds 
into h M (see [5], Theorem 4.a.9): 

{p sup M (st) } c% : = sup - -  < oo 
o<s,t_<l M (s)t p 

= min {pl{p is isomorphic to a subspace of hM}. 

Our  result improves on a result by Rakov ([7], Theorem 5), who showed that 

aM = sup {plhM has property (BSp)} = sup {pjh M has property (Sp)}. 

Let us remark that the Orlicz sequence space with an Orlicz function M (t), satisfying 
M(t) = - t  p log t  for small t, has property (BSv_~) for all e > 0, while it fails property 
(BSp). 

P r o o f  o f  T h e o r e m  3. (c) ~ (a) is trivial. 

(a) ~ (b): For  k e n  we let ak be a solution of k.  M(7k)= 1. (ak) is a decreasing 
k 

sequence of positive reals with lim c~ k = 0. ~, has been chosen so that b (*) = Z ak ei has 
k ~ o o  i = 1  

norm 1 in hM. (Here (el) denotes the unit vector basis in hu.) 

36* 
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We consider the sequence b~ ~ = Y~ ~kemk+i for m e N. Since {1 does not  embed into 
i = 1  

hM, the sequence ( b ~ ) , , ~  is weakly null for all k e N. It follows from the symmetry of (e~) 
and a result by Rakov ([7], see [2], Proposi t ion  3.2), that there is a constant  C < oo, 
independent of k, so that  for all k e N 

b~ ) < Cn lip for all h e N .  
m = l  

Consequently, 

/ O~ k 

Let now 0 < s, t ___ 1 be given. We choose k e N so that  :r < s < c~ k, and n z N so that  
l /C(n + 1) ~/p < t <__ 1/Cn ~/p. (We may assume that  s =< ~ and that  t <= t/C, since it 
suffices to establish (b) for small s and t (see [5], Propos i t ion  4,a.5.).) 

We obtain the desired estimate as follows: 

(-) 
M(s)tV = M(ek+O C(n + 1) l/t; 

n + l k + l  
< C p 
- n k 

_<4C p. 

(b) ~ (c): Let (xi) be a weakly null sequence in h M satisfying ][ xi [[ < 1 for all i E N.  

By applying a s tandard  per turbat ion  argument we can assume that xi = ~ ajQ for 
j~F~ 

some finite integer blocks F 1 < F 2 < . . . .  Since IlXiHhM = < 1, Y~ M(laj]) = < 1. 
By our hypothesis there is a constant  C so that  j~v, 

M(st) 
- - < _ C  p. s u p  

O<s,t--<l  M (s)  t p - 

Let (fit) be given with Z ]tilt v <-- 1. 

We show that  i=~t fiix i <= C. Indeed: 

2 M < ~ 2 CPM(lajl)  Cp 
i = 1  j e F  i i = 1  j e F  i 

< S~ If i l f" 2 M(laj[) 
i = 1 j e F  i 

< Z I/~il p < I .  
i = 1  
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R e m a r k s. 1. I f~  1 embeds into hM, then c% = 1. Rakov observed in ([8], Remark  6), 
that  in this case either h M satisfies p roper ty  (BS~), and thus proper ty  (S~), or h M fails 
proper ty  (BSp), and thus proper ty  (Sp), for all p > 1. Consequently,  proper ty  (BSp) and 
proper ty  (Sp) are equivalent for all Orlicz sequence spaces h~t. 

2. We do not  know of an example of a Banach space, not  containing El, which has 
proper ty  (BSp) and fails p roper ty  (St). 
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