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Abstract: This article describes the goals of a capstone course for secondary
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reaction to the course will be examined.
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1. INTRODUCTION

Reports from the National Council of Teachers of Mathematics (NCTM) and

the Mathematical Association of America (MAA) indicate that as a result of

changes in the way mathematics is being taught in secondary schools,

teachers need a more thorough preparation in mathematics [4, 14, 17, 18].

In response to the need for improving preservice teachers’ content knowl-

edge, The Mathematical Education of Teachers (MET) [4] publication

charges mathematics departments with supporting the development of ‘‘a

capstone course sequence for teachers in which conceptual difficulties, fun-

damental ideas, and techniques of high school mathematics are examined

from an advanced standpoint’’ [4, p. 39].

In response to the MET call for course development, the author created a

mathematics capstone course for preservice high school mathematics teachers

attending The University of Texas at El Paso (UTEP). There are roughly 19,000

students at UTEP, with about 100 studying to be secondary mathematics teachers.

This program requires a BA in mathematics with a minor in secondary education.

The final mathematics class in the preservice teachers degree program is

now the capstone course that was developed. Students take their pedagogy
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classes after they have taken the capstone course. In fact, students can only

take their education courses after they have finished their content courses and

are accepted into the student internship program. The question of mathema-

tical pedagogy does naturally arise in the capstone course as the class focuses

on mathematics that is taught in grades 9–12. Because preservice teachers

have pedagogy courses in their education minor, the capstone course does not

explicitly teach pedagogy nor are students graded on their knowledge of

pedagogy, but the instructor does discuss pedagogy when it lends to students

mathematical learning.

The text for the course is Mathematics for High School Teachers: An

Advanced Perspective [21]. The course is designed such that each class has

problems that are to be solved and solutions defended by students working in

groups. The classroom atmosphere is such that students feel comfortable

making their mistakes and learning from them. In fact, the instructor of the

course celebrates errors as opportunities for learning [1]. The learning goals

of the capstone course at UTEP are three-fold:

1. Students will make connections between their undergraduate mathematics

education and the mathematics they will teach as high school mathematics

teachers.

2. Students will start to gain a profound understanding of the fundamental

mathematics [15] found in the high school curricula.

3. Students will begin to think like a teacher, or in other words, gain

mathematical knowledge for teaching [11].

The remainder of this article provides a snapshot of the methods used to

achieve the course goals.

2. CONNECTING UNDERGRADUATE MATHEMATICS

EDUCATION TO THE TEACHING OF HIGH SCHOOL

MATHEMATICS

Preservice teachers often do not see the connections between their under-

graduate mathematics courses and their future teaching assignment. One

preservice teacher noted that, ‘‘. . . it’s so hard to make connections some-

times with a typical college math class and then connecting it back to maybe

teaching in high school. And just because you can get so far above your high-

school level.’’ [24, p.120]. The following is one example of how connections

are made between college level mathematics and high school level

mathematics.

Many new high school mathematics teachers are assigned to teach

algebra I. One central topic of algebra I is linear functions. Many states in

their standards for students expect that students will be able to solve linear
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equations upon completion of algebra I (e.g., Texas [25]). But many new

mathematics teachers do not know the mathematical foundations that allow

students to solve linear equations. In the capstone course, students are helped

to recognize that indeed they have studied the necessary mathematics to

justify the algorithmic process for solving linear equations.

In the capstone course, students are given the equation a + x = b and are

asked if a, b, x 2 Z, does there exist a solution to the equation? Then students

are asked if a, b, and x are elements of the odd integers, does there exist a

solution to the equation. Most students can see that there exists a solution to

the first example, but not the second.

Students are asked to consider why the difference exists in the two

situations. Many of the students cannot explain why there is a difference so

the instructor gives them another activity. The instructor asks students to

solve a + x = b in the most rigorous way they know how. Because students

have become adept at solving linear equations, some of the steps are not

transparent to them. One step in particular is when you add ÿa to both sides

of the equation a + x = b. Students do not see that ÿa + (a + x) = ÿa + b is

the next step in the solution and that they need to use the associative property

to combine ÿa and a.

As students work through the ‘‘rigorous’’ solution to the linear equation,

they list the properties that were used on the board. Those properties are that

the associative property holds for the set, each element of the set has an

inverse, there is an element in the set that serves as an identity, and that the

set is closed for the operation of addition. The natural question then arises,

‘‘Where have you seen these properties together before?’’ Students realize

that they used these properties in unison when they learned about groups in

abstract algebra. Many students note that they had never made this connec-

tion between abstract algebra and algebra I while participating in their

abstract algebra course.

Another connection between university mathematics and the mathe-

matics taught in high school is found in solving inequalities. Students know

that when solving inequalities of the form ÿx , a, where a is an element of

the real numbers, that the inequality sign changes direction when multiplying

both sides of the inequality by ÿ1. Unfortunately, this is another area where

students have accepted the truth of the mathematics without understanding

why it works. In the capstone course, students are introduced to the following

theorem that gives a rationale for changing the direction of the inequality

sign:

For any continuous real functions (functions whose domain and range

are subsets of the real numbers) f and g, with domain D: If h is strictly

decreasing on the intersection of f(D) and g(D), then f(x) , g(x) () h(f(x)) .

h(g(x)). [21, p.169]

This theorem above requires students to access their prior mathematical

knowledge. First, Students must understand the concept of a continuous
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function. The continuous functions are examined in various mathematics

courses in the college curriculum, the first being Calculus 1. Next, students

need to understand the concept of strictly decreasing functions. In Calculus 1

students learn methods to determine whether or not a function is strictly

increasing/decreasing as well as what it means for a function to be strictly

increasing/decreasing. Another necessary piece of prior knowledge is that of

the composition of functions. Students at UTEP closely examine the concept

of the composition of functions in the upper division mathematics course

entitled Principals of Mathematics. Furthermore, students revisit the concept

of composition of functions in the capstone course. When examining this

theorem, I help students appreciate the necessity to remember and understand

mathematics from their previous courses. This is often a shock to my

students, who admit that often times they just memorize the material long

enough to pass the exam and then forget the mathematics soon thereafter.

3. GAINING A PROFOUND UNDERSTANDING

OF FUNDAMENTAL MATHEMATICS

IN THE HIGH SCHOOL CURRICULUM

It is essential that teachers have a profound understanding of the mathematics

they will teach [2, 3, 15, 16, 19, 22]. Preservice mathematics teachers need

the opportunity to develop a deep conceptual learning of mathematics in a

collaborative, constructive environment [10]. Moreover, preservice teachers

should have the opportunity to relearn mathematics in a manner where they

are expected to make conjectures, communicate solution methods, and justify

mathematical reasoning [2, 5, 23].

The instructor of the capstone course endeavors to give students the

opportunity to examine fundamental mathematics concepts deeply. One such

concept is the concept of function. Functions are seen by many as one of the

most significant and central concepts in mathematics [6, 9, 12, 13, 20].

Students often come into the capstone course feeling confident in their

knowledge of functions. At the beginning of the course, the instructor

administers an exam testing students’ knowledge of the definition of a

function, the difference between a function and a 1–1 function, and other

function related questions found in the high school curricula.

Upon taking the exam, students leave a bit less confident in their knowl-

edge of functions. Here are some of the misconceptions that students

have had.

� A function is just an equation.

� A function is only a function if is has a continuous graph.

� A function has to be 1–1.

� All functions can be graphed.
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The instructor endeavors to help students examine their own definition

(or misconception) of function and then restructure it accordingly. Students

are asked to write down their ‘‘best’’ definition of the concept of function. As

noted above, students do not have a uniform view of the concept of function.

The instructor records each definition offered on the chalkboard so that all of

the students’ definitions are available for discussion. Students are asked to

identify the most important aspects of their definitions. The instructor then

places a definition from the course textbook and asks students to note the

similarities and differences between their definitions of function and the

textbook’s definition of function. Once preservice teachers have identified

the similarities and differences between definitions, they have the opportu-

nity to identify and discuss the ‘‘big ideas’’ associated with functions.

One big idea concerning functions is that of univalence [7, 8].

Univalence is the idea that given two sets, for there to be a function, every

element in the first set must be assigned to a unique element in the second set

via some rule. Another big idea is that functions can be arbitrary in the sense

that they do not have to involve sets of numbers, or in other words, they can

involve a correspondence between two sets of objects, such as pets and pet

owners. Many preservice teachers are familiar with univalence, but are not

familiar with the arbitrariness of functions. Some students have noted in end

of course questionnaires that they had never had the opportunity to determine

the essential qualities of a function. Taking time to identify and understand

the two big ideas of functions helps the preservice teachers clarify their own

misconceptions about functions and therefore better understand and explain

the concept of functions to others [24].

4. STARTING TO THINK LIKE A TEACHER

Preservice teachers in the capstone course have had an entire academic career

to learn mathematics, yet too often this has only meant remembering the

material long enough to pass an examination. Knowing mathematics in a way

that allows effective teaching it takes a different type of knowledge. Hill,

Rowan, and Ball [11] define this type of knowledge as mathematical knowl-

edge for teaching. They state,

By ‘‘mathematical knowledge for teaching,’’ we mean the mathema-

tical knowledge used to carry out the work of teaching mathematics.

Examples of this ‘‘work of teaching’’ include explaining terms and

concepts to students, interpreting students’ statements and solutions,

judging and correcting textbook treatments of particular topics, using

representations accurately in the classroom, and providing students

with examples of mathematical concepts, algorithms, or proofs.

[11, p.373]
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During the capstone course, the instructor endeavors to give preservice tea-

chers opportunities to strengthen their mathematical knowledge for teaching.

One central activity used to help preservice teachers strengthen this

knowledge is giving them the opportunity to teach part of the capstone course.

Small groups (two to three) preservice teachers are assigned one section from

the textbook to teach to their peers. It is done with the understanding that the

level of teaching should be at the college level. Two weeks before the group

teaches, they visit with the instructor to discuss the mathematics in their

assigned section. It is the group’s responsibility to review the section in the

text and identify the ‘‘big ideas’’ prior to their visit with the professor. During

the visit, the instructor helps the preservice teacher group with any misunder-

standings that they might have. Former students in the capstone course have

noted that they learn the mathematics more thoroughly in the section they are

responsible for than any other section studied during the course.

One week before the preservice teacher group teaches the capstone course,

they meet again with the instructor. This time the purpose of the meeting is to

discuss the actual plan for the lesson. The group outlines the activities that they

plan to use for the instructor. As part of the ensuing discussion they are asked

to mathematically justify their choice of activities. The goal of the meeting is

to have the group reflect on whether the activities they plan to use in their

teaching will help students understand the big ideas of the section. In other

words, are the activities mathematically appropriate for the objective of the

lesson? Both the instructor and the preservice teacher group must be satisfied

with the activities before the group can teach the lesson.

On the day that the preservice teacher group teaches, the instructor sits in

the audience and takes notes. He observes the mathematics being taught and

how the students in the class are coming to understand it. He also observes

how the group’s mathematical knowledge is brought out through the way the

lesson is taught. Since this is most likely the first time the preservice teacher

has ever taught, the atmosphere in the classroom is supportive. Sometimes,

the instructor steps in to assist the preservice teacher if he or she is struggling

mathematically. Also, sometimes the instructor asks questions that a high

school student might ask in order to get the preservice teacher thinking and

making decisions during the process of teaching.

The grading of the preservice teacher group’s teaching is done in two

stages. First, students are graded on how prepared they are when they meet

with the instructor. Do students identify and understand the big ideas of the

sections they will teach? Do students thoughtfully choose activities that will

help their peers understand the big ideas? Next, students are graded on their

presentation. Was it well organized? Did everyone from the preservice

teacher group participate in leading the class? How did the group handle

questions from the class? Finally, students receive a grade on their presenta-

tion of the big ideas. Did the preservice teacher group present the big ideas

correctly? Is there evidence that the students understand the big ideas from
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the lesson? After the lesson is finished, the instructor gives his evaluation

notes to the preservice teacher group and clarifies any doubts they might have

about how the lesson was received.

5. STUDENT REACTIONS TO PARTICIPATION

IN THE CAPSTONE COURSE

Even though the capstone course is new, it has already received positive

reviews from students. The College of Science at UTEP formed a focus

group of preservice high school mathematics teachers in order to discover

which course, or courses, taught at UTEP had a significant impact on them as

future teachers. The capstone course was the only mathematics course identi-

fied as having an impact on them as future teachers. In end-of-course inter-

views conducted by the instructor, students have reported positive effects from

participating in the capstone course. One student said that participating in the

capstone course helped her see that there were multiple solutions and repre-

sentations in mathematics and that she needed to broaden her knowledge so

that she would be able to understand students’ reasoning. Another student said

that he felt that when he started the course, he had gaps in his mathematical

knowledge. He said that the capstone course filled in those gaps in his under-

standing. Another preservice teacher said that participating in the capstone

course made her start to think about how high school students think and what

examples would help them learn mathematics deeply.

The capstone course is far from perfect and continues to evolve and,

hopefully, get better. The author still does not know the long-term effects of

participation in the capstone course and one capstone course cannot make up

for all the deficiencies that a preservice student might have before they teach.

Yet, it seems clear that preservice high school teachers need more opportu-

nities to think deeply about the mathematics they will teach, make connections

between college and high school mathematics, and start to think like a teacher

beginning the very first day of their college career. Providing a capstone course

of the type described in this article for all preservice mathematics teachers is a

step in this direction, a very important step in my experience.
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